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MODULAR INVARIANCE AND TWISTED ANOMALY
CANCELLATIONS FOR CHARACTERISTIC NUMBERS
QINGTAO CHEN AND FEI HAN
Abstract. By studying modular invariance properties of some characteris-
tic forms, we obtain twisted anomaly cancellation formulas. We apply these
twisted cancellation formulas to study divisibilities on spin manifolds and con-
gruences on spinc manifolds. Especially, we get twisted Rokhlin congruences
for 8k + 4 dimensional spinc manifolds.
1. Introduction
Let M be a 12 dimensional smooth Riemannian manifold. A beautiful relation
between the top degree components of the Hirzebruch L̂-form and Â-form ofM was
shown by Alvarez-Gaume´ and Witten [1] as a gravitational anomaly cancellation
formula as follows,
(1.1){
L̂(TM,∇TM )
}(12)
=
{
8Â(TM,∇TM )ch(TCM,∇TCM )− 32Â(TM,∇TM )
}(12)
,
where TCM denotes the complexification of TM and ∇TCM is canonically induced
from ∇TM , the Levi-Civita connection associated to the Riemannian structure of
M ; ch(TCM,∇TCM ) denotes the Chern character form associated to (TCM,∇TCM )
(cf. [22]). This gravitational anomaly cancellation formula, which they called
miraculous cancellation formula, was derived from very non-trivial computations.
(1.1) is generalized by Kefeng Liu [16] to arbitrary 8k+4 dimensional manifolds
by developing modular invariance properties of characteristic forms. In [16], he
proved that for each (8k + 4)-dimensional smooth Riemannian manifold M the
following identity holds,
(1.2)
{
L̂(TM,∇TM )
}(8k+4)
= 8
k∑
r=0
26k−6rhr(TCM).
In (1.2), each hr(TCM) is a differential form{
Â(TM,∇TM )ch
(
br(TCM),∇br(TCM)
)}(8k+4)
,
where br(TCM) ∈ KO(M) ⊗C, 0 ≤ r ≤ k, can be derived canonically from TM .
When the manifold is closed and spin, according to the Atiyah-Hirzebruch divis-
ibility [3], 〈hr(TCM), [M ]〉 are all even numbers. Therefore from (1.2) and the
Hirzebruch signature theorem [11], we easily get the Ochanine divisibility [19],
which says that the signature of an 8k+4 dimensional smooth closed spin manifold
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is divisible by 16. This shows us how miraculous cancellation formulas imply di-
visibility of characteristic numbers. The author also provides a similar miraculous
cancellation formula for 8k dimensional manifolds. Unfortunately this 8k dimen-
sional cancellation formula does not imply divisibility results. Note that in some
sense, Liu’s formula refines the arguments of Hirzebruch [10] and Landweber [14],
who deduce the Ochanine divisibility by using the ideas of elliptic genus, to the
level of differential forms. See [16] for details.
Liu’s method is taken over in [8, 9] to study the Ochanine congruence and the
Finashin congruence. The authors show that there actually exist more general
miraculous cancellation formulas with an extra complex line bundle involved, which
turn out to be efficient to study congruence phenomena on spinc and pin− manifolds.
Let (ξ,∇ξ) be a real oriented Euclidean plane bundle, or equivalently a complex
line bundle onM with Euler form c = e(ξ,∇ξ). For each 8k+4 dimensional smooth
Riemannian manifold M , they obtain that
(1.3)
{
L̂(TM,∇TM )
cosh2 ( c2 )
}(8k+4)
= 8
k∑
r=0
26k−6rhr(TCM, ξC).
In (1.3), each hr(TCM, ξC) is a differential form{
Â(TM,∇TM )ch
(
br(TCM, ξC),∇br(TCM,ξC)
)
cosh
( c
2
)}(8k+4)
,
where ξC is the complexification of ξ and br(TCM, ξC) ∈ KO(M) ⊗ C, 0 ≤ r ≤
k, can be derived canonically from TM and ξ. (1.3) is a generalization of Liu’s
miraculous cancellation formula (1.2) in the sense that when c = 0 it exactly gives
Liu’s formula. Especially on dimension 12, it gives a generalization of the Alvarez-
Gaume´-Witten miraculous cancellation formula,{
L̂(TM,∇TM )
cosh2( c2 )
}(12)
=
{[
8Â(TM,∇TM )ch(TCM,∇TCM )− 32Â(TM,∇TM )
−24 Â(TM,∇TM ) (ec + e−c − 2)] cosh( c
2
)}(12)
.
As an application of the general cancellation formula (1.3), whenM is closed and
spinc and B is an 8k + 2 dimensional oriented submanifold of M such that [B] ∈
H8k+2(M,Z) is dual to w2(TM), the authors obtain that (sign(M)−sign(B•B)) is
divisible by 8 by using the Atiyah-Singer index theorem for spinc manifolds, where
(B •B) denotes the self-intersection of B in M . Moreover, they [9] show that
Sig(M)− Sig(B •B)
8
≡
∫
M
Â(TM,∇TM )ch(bk(TCM +C2 − ξC,C2)) cosh
( c
2
)
≡ ind2(bk(TB +R2,R2) mod 2,
(1.4)
which is the analytic version of the Ochanine congruence obtained in [18]. For-
mula (1.3) has interesting applications to study the Ochanine and the Finashin
congruences (cf. [19], [6]). We refer interested readers to [9] for details. This shows
us again how miraculous cancellation formulas imply divisibility and congruence
results.
MODULAR INVARIANCE AND TWISTED ANOMALY CANCELLATIONS 3
Looking at these miraculous cancellation formulas as well as the divisibilities and
congruences induced by them, one naturally asks if there exist more miraculous
cancellation formulas like (1.2) and (1.3) and consequently exist more divisibilities
and congruences for characteristic numbers. We show in this article that the answer
is positive.
To be more precise, still applying modular invariance of characteristic forms
[16], we obtain some interesting twisted anomaly cancellation formulas. When
these new cancellation formulas are applied to 8k and 8k + 4 dimensional closed
spin manifolds, we find some hidden divisibilities of the characteristic numbers
〈L̂(TM)ch (TCM) , [M ]〉, 〈L̂(TM)ch (TCM ⊗ TCM) , [M ]〉 and some of their linear
combinations. The divisibilities of the characteristic number 〈L̂(TM)ch (TCM) , [M ]〉
for 8k and 8k+4 dimensional spin manifolds were already obtained by Hirzebruch
[12] by studying elliptic genera. Our cancellation formulas supply an interesting
approach to prove the Hirzebruch divisibilities. Moreover we are able to construct
examples to show that the Hirzebruch divisibilities are best possible. On the other
hand the divisibilities of the characteristic number 〈L̂(TM)ch (TCM ⊗ TCM) , [M ]〉
for 8k and 8k+4 dimensional spin manifolds induced by our cancellation formulas
look new in the literature. We are also able to construct examples to show that
these divisibilities are best possible. Note that these characteristic numbers are the
indices of the elliptic operators ds⊗TCM and ds⊗TCM⊗TCM respectively, where
ds is the signature operator. The twisted signature operator ds ⊗ TCM is already
proved to be rigid by using Witten rigidity theorem, however nobody has been able
to give a direct proof without using it [17]. Our divisibilities are still applications of
modular invariance. It would also be interesting to find out a direct proof of them.
When we apply our cancellation formulas with a twisted complex line bundle
to spinc manifolds, we obtain some congruence results about the characteristic
number 〈L̂(TM)ch (TCM) , [M ]〉, which in dimension 8k + 4 give twisted Rokhlin
congruence formulas.
The rest of the article is organized as follows. We list the twisted anomaly cancel-
lation formulas in Section 2 and postpone their proofs to Section 5. In Section 3, we
apply our twisted anomaly cancellation formulas to spin manifolds and obtain divis-
ibilities for the tangent twisted signature. Then in Section 4, the twisted anomaly
cancellation formulas are applied to spinc manifolds and particularly induce twisted
Rokhlin congruence formulas for 8k + 4 dimensional spinc manifolds.
2. Twisted Anomaly Cancellation Formulas
In this section, we first present some basic geometric data and then list the
twisted miraculous cancellation formulas.
Let M be a smooth Riemannian manifold. Let ∇TM be the associated Levi-
Civita connection and RTM = ∇TM,2 the curvature of ∇TM . ∇TM extends canon-
ically to a Hermitian connection ∇TCM on TCM = TM ⊗C.
Let Â(TM,∇TM ), L̂(TM,∇TM ) be the Hirzebruch characteristic forms defined
by
(2.1) Â(TM,∇TM ) = det1/2
 √−14pi RTM
sinh
(√
−1
4pi R
TM
)
 ,
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(2.2) L̂(TM,∇TM ) = det1/2
 √−12pi RTM
tanh
(√
−1
4pi R
TM
)
 .
Let E,F be two Hermitian vector bundles over M carrying Hermitian connec-
tions ∇E ,∇F respectively. Let RE = ∇E, 2 (resp. RF = ∇F, 2) be the curvature
of ∇E (resp. ∇F ). If we set the formal difference G = E − F , then G carries an
induced Hermitian connection ∇G in an obvious sense. We define the associated
Chern character form as
ch(G,∇G) = tr
[
exp
(√−1
2π
RE
)]
− tr
[
exp
(√−1
2π
RF
)]
.
In the rest of the paper, where there will be no confusion about the Hermitian
connection ∇E on Hermitian vector bundle E, we will write simply ch(E) for the
associated Chern character form.
Let ξ be a rank two real oriented Euclidean vector bundle, or equivalently a
complex line bundle, over M carrying a Euclidean connection ∇ξ.
If E is a complex vector bundle over M , set E˜ = E −Crk(E).
Let q = e2pi
√
−1τ with τ ∈ H, the upper half complex plane.
We introduce four elements (cf. [16], [9]) in K(M)[[q
1
2 ]] which consist of formal
power series in q
1
2 with coefficients in the K-group of M ,
(2.3) Θ1(TCM) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λqm(T˜CM),
(2.4) Θ2(TCM) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λ−qm−
1
2
(T˜CM),
(2.5)
Θ1(TCM, ξC) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λqm(T˜CM−2ξ˜C)⊗
∞⊗
r=1
Λ
qr−
1
2
(ξ˜C)⊗
∞⊗
s=1
Λ−qs−
1
2
(ξ˜C),
(2.6)
Θ2(TCM, ξC) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λ−qm−
1
2
(T˜CM−2ξ˜C)⊗
∞⊗
r=1
Λ
qr−
1
2
(ξ˜C)⊗
∞⊗
s=1
Λqs(ξ˜C).
Recall that for an indeterminate t,
(2.7) Λt(E) = C|M + tE+ t2Λ2(E) + · · · , St(E) = C|M + tE+ t2S2(E) + · · · ,
are respectively the total exterior and symmetric powers of E. The following rela-
tions hold between these two operations (cf. [2]),
(2.8) St(E) =
1
Λ−t(E)
, Λt(E − F ) = Λt(E)
Λt(F )
.
We can formally expand these four elements into Fourier series in q
1
2 ,
(2.9) Θ1(TCM) = A0(TCM) +A1(TCM)q
1
2 + · · · ,
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(2.10) Θ2(TCM) = B0(TCM) +B1(TCM)q
1
2 + · · · ,
(2.11) Θ1(TCM, ξC) = A0(TCM, ξC) +A1(TCM, ξC)q
1
2 + · · · ,
(2.12) Θ2(TCM, ξC) = B0(TCM, ξC) +B1(TCM, ξC)q
1
2 + · · · ,
where the Ai’s and Bi’s, are elements in the semi-group formally generated by Her-
mitian vector bundles overM . Moreover, they carry canonically induced Hermitian
connections.
Let c = e(ξ,∇ξ) be the Euler form of ξ canonically associated to ∇ξ.
Now we can state our twisted cancellation formulas and discuss their applications
in the following subsections.
Theorem 2.1. For 8k + 4 dimensional smooth Riemannian manifold M , the fol-
lowing identity holds,
(2.13)
{
L̂(TM,∇TM )ch(TCM)− 16L̂(TM,∇TM )
}(8k+4)
= 214[
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM)],
where each hr(TCM) =
{
Â(TM,∇TM )ch(br(TCM))
}(8k+4)
, 0 ≤ r ≤ k, and each
br(TCM) is a canonical integral linear combination of Bj(TCM), 0 ≤ j ≤ r. The
right hand side is understood as 0 when k < 1.
In Theorem 2.1, putting k = 0, 1, 2, by computing h0(TCM) and h1(TCM) (see
(5.18) and (5.19)), we have
Corollary 2.1. If M is 4 dimensional, one has
(2.14)
{
L̂(TM,∇TM )ch(TCM)− 16 L̂(TM,∇TM )
}(4)
= 0.
Corollary 2.2. If M is 12 dimensional, one has
(2.15){
L̂(TM,∇TM )ch(TCM)− 16 L̂(TM,∇TM )
}(12)
= −214
{
Â(TM,∇TM )
}(12)
.
Corollary 2.3. If M is 20 dimensional, one has
(2.16)
{
L̂(TM,∇TM )ch(TCM)− 16 L̂(TM,∇TM )
}(20)
= 214
{
Â(TM,∇TM )ch(TCM)− 28 Â(TM,∇TM )
}(20)
.
We also have,
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Theorem 2.2. For 8k + 4 dimensional smooth Riemannian manifold M , the fol-
lowing identity holds,
(2.17){
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 55L̂(TM,∇TM )ch(TCM) + 768L̂(TM,∇TM )
}(8k+4)
= 225[
k−2∑
r=0
(k − r)(k − r − 1)26(k−r−2)hr(TCM)],
where each hr(TCM) =
{
Â(TM,∇TM )ch(br(TCM))
}(8k+4)
, 0 ≤ r ≤ k, and each
br(TCM) is a canonical integral linear combination of Bj(TCM), 0 ≤ j ≤ r. The
right hand side is understood as 0 when k < 2.
In Theorem 2.2, putting k = 0, 1, 2, 3, by computing h0(TCM) and h1(TCM)
(see (5.18) and (5.19)), we have
Corollary 2.4. If M is 4 dimensional, one has
(2.18){
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 55 L̂(TM,∇TM )ch(TCM) + 768 L̂(TM,∇TM )
}(4)
= 0.
Equivalently, in view of Corollary 2.1, one has
(2.19)
{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 112 L̂(TM,∇TM )
}(4)
= 0.
Corollary 2.5. If M is 12 dimensional, one has
(2.20){
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 55 L̂(TM,∇TM )ch(TCM) + 768 L̂(TM,∇TM )
}(12)
= 0.
Corollary 2.6. If M is 20 dimensional, one has
{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 55 L̂(TM,∇TM )ch(TCM) + 768 L̂(TM,∇TM )
}(20)
=− 226
{
Â(TM,∇TM )
}(20)
.
(2.21)
Corollary 2.7. If M is 28 dimensional, one has
{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 55 L̂(TM,∇TM )ch(TCM) + 768 L̂(TM,∇TM )
}(28)
=226
{
Â(TM,∇TM )ch(TCM)− 52 Â(TM,∇TM )
}(28)
.
(2.22)
For 8k dimensional manifolds, we have the following twisted cancellation formu-
las.
Theorem 2.3. For 8k dimensional smooth Riemannian manifold M , the following
identity holds,
(2.23)
{
L̂(TM,∇TM )ch(TCM)
}(8k)
= 211[
k−1∑
r=0
(k − r)26(k−r−1)zr(TCM)],
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where each zr(TCM) =
{
Â(TM,∇TM )ch(dr(TCM))
}(8k)
, 0 ≤ r ≤ k, and each
dr(TCM) is a canonical integral linear combination of Bj(TCM), 0 ≤ j ≤ r.
In Theorem 2.3, putting k = 1, 2, by computing z0(TCM) and z1(TCM) (see
(5.32) and (5.33)), we have
Corollary 2.8. If M is 8 dimensional, one has
(2.24)
{
L̂(TM,∇TCM )ch(TCM)
}(8)
= 2048
{
Â(TM,∇TM )
}(8)
.
Corollary 2.9. If M is 16 dimensional, one has
(2.25)
{
L̂(TM,∇TM )ch(TCM)
}(16)
= −2048
{
Â(TM,∇TM )ch(TCM)− 48 Â(TM,∇TM )
}(16)
.
Theorem 2.4. For 8k dimensional smooth Riemannian manifold M , the following
identity holds,{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 23 L̂(TM,∇TM )ch(TCM)
}(8k)
=222[
k−2∑
r=0
(k − r)(k − r − 1)26(k−r−2)zr(TCM)],
(2.26)
where each zr(TCM) =
{
Â(TM,∇TM )ch(dr(TCM))
}(8k)
, 0 ≤ r ≤ k, and each
dr(TCM) is a canonical integral linear combination of Bj(TCM), 0 ≤ j ≤ r. The
right hand side is understood as 0 when k < 2.
In Theorem 2.4, putting k = 1, 2, 3, by computing z0(TCM) and z1(TCM) (see
(5.32) and (5.33)), we have
Corollary 2.10. If M is 8 dimensional, one has
(2.27)
{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 23 L̂(TM,∇TM )ch(TCM)
}(8)
= 0.
Equivalently, in view of Corollary 2.8, one has
(2.28)
{
L̂(TM,∇TM )ch(TCM ⊗ TCM)
}(8)
=
{
23 · 2048 Â(TM,∇TM )
}(8)
.
Corollary 2.11. If M is 16 dimensional, one has{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 23 L̂(TM,∇TM )ch(TCM)
}(16)
=223
{
Â(TM,∇TM )
}(16)
.
(2.29)
Corollary 2.12. If M is 24 dimensional, one has{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 23 L̂(TM,∇TM )ch(TCM)
}(24)
=− 223
{
Â(TM,∇TM )ch(TCM)− 72 Â(TM,∇TM )
}(24)
.
(2.30)
If we include the extra complex line bundle ξ into our picture, we have the
following.
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Theorem 2.5. For 8k + 4 dimensional smooth Riemannian manifold M , the fol-
lowing identity holds,
(2.31)
{
L̂(TM,∇TM ) [ch(TCM,∇TCM )− sinh2 ( c2)ch (2ξC ⊕C8)− 16]
cosh2
(
c
2
) }(8k+4)
= 214[
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC)],
where each hr(TCM, ξC) =
{
Â(TM,∇TM )ch(br(TCM, ξC)) cosh
(
c
2
)}(8k+4)
, 0 ≤
r ≤ k, and each br(TCM, ξC) is a canonical integral linear combination of Bj(TCM, ξC), 0 ≤
j ≤ r. The right hand is understood as 0 when k < 1.
For 8k dimensional case, we have the following.
Theorem 2.6. For 8k dimensional smooth Riemannian manifold M , the following
identity holds,
(2.32)
{
L̂(TM,∇TM ) [ch(TCM,∇TCM )− sinh2 ( c2)ch (2ξC ⊕C8)]
cosh2
(
c
2
) }(8k)
= 211[
k−1∑
r=0
(k − r)26(k−r−1)zr(TCM, ξC)],
where each zr(TCM, ξC) =
{
Â(TM,∇TM )ch(dr(TCM, ξC)) cosh
(
c
2
)}(8k)
, 0 ≤ r ≤
k, and each dr(TCM, ξC) is a canonical integral linear combination of Bj(TCM, ξC), 0 ≤
j ≤ r.
3. Spin Manifolds and Divisibilities of Twisted Signatures
Let M be a closed oriented differential manifold and V be a complex vector
bundle over M . Let Sig(M,V ) , Ind(ds ⊗ V ) denote the twisted signature [7].
Let Sig(M,T ) and Sig(M,T ⊗ T ) denote Sig(M,TCM) and Sig(M,TCM ⊗ TCM)
respectively. In this section, we apply Theorem 2.1, 2.2 and Theorem 2.3, 2.4 to
8k + 4 and 8k dimensional closed spin manifolds respectively to obtain divisibility
results for the twisted signatures Sig(M,T ) and Sig(M,T ⊗ T ). We also show that
our divisibilities are best possible.
3.1. 8k+4 dimensional case. According to the generalized Hirzebruch signature
formula [7, 11], when M is an 8k+ 4 dimensional closed spin manifold, integrating
both sides of (2.13) against the fundamental class [M ], we have
(3.1) Sig(M,T )− 16 Sig(M) = 214〈[
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM)], [M ]〉.
According to the Atiyah-Hirzebruch divisibility [3], we have
Theorem 3.1. IfM is an 8k+4 dimensional closed spin manifold, then (Sig(M,T )−
16 Sig(M)) is divisible by 215.
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Then according to Theorem 3.1 and the Ochanine divisibility [19] that the sig-
nature of 8k + 4 dimensional closed spin manifolds is divisible by 16, we see that
our twisted anomaly cancellation formula (2.13) actually implies the Hirzebruch
divisibility:
Theorem 3.2 (Hirzebruch, [12]). If M is an 8k+4 dimensional closed spin man-
ifold, then the twisted signature Sig(M,T ) is divisible by 256.
Moreover, we are able to show that the Hirzebruch divisibility is best possible.
Proposition 3.1. 256 is the best possible divisibility of the twisted signature Sig(M,T )
for 8k + 4 dimensional spin manifolds.
To prove Proposition 3.1, we need the following lemmas.
Lemma 3.1. Let M1 and M2 be two closed oriented smooth manifolds, then one
has
(3.2) Sig(M1 ×M2, T ) = Sig(M1)Sig(M2, T ) + Sig(M2)Sig(M1, T ),
and
Sig(M1 ×M2, T ⊗ T )
=Sig(M1)Sig(M2, T ⊗ T ) + 2Sig(M1, T )Sig(M2, T ) + Sig(M2)Sig(M1, T ⊗ T ).
(3.3)
Proof. Let p1 : M1 ×M2 → M1, p2 : M1 ×M2 → M2 be the two projections. It’s
not hard to see that∫
M1×M2
L̂(M1 ×M2)ch(TC(M1 ×M2))
=
∫
M1×M2
L̂(p∗1(TM1))L̂(p
∗
2(TM2)) (ch(p
∗
1(TCM1)) + ch(p
∗
2(TCM2)))
=
∫
M1×M2
p∗1
(
L̂(M1)
)
p∗2
(
L̂(M2)ch(TCM2)
)
+ p∗2
(
L̂(M2)
)
p∗1
(
L̂(M1)ch(TCM1)
)
=
∫
M1
L̂(M1)
∫
M2
L̂(M2)ch(TCM2) +
∫
M2
L̂(M2)
∫
M1
L̂(M1)ch(TCM1).
Thus we have
Sig(M1 ×M2, T ) = Sig(M1)Sig(M2, T ) + Sig(M2)Sig(M1, T ).
By similar computations, it’s not hard to prove (3.3). 
Lemma 3.2. Let HP 2 be the quaternionic projective plane. Then for the 8n di-
mensional manifold (HP 2)n, the n-fold product of HP 2, one has Sig((HP 2)n) = 1,
Sig((HP 2)n, T ) = 0 and Sig((HP 2)n, T ⊗ T ) = 0, where n is a positive integer.
Proof. Let HPn be the quaternionic projective space and u be the generator of
H4(HPn,Z). A theorem of Hirzebruch ([10]) says the total Pontrjagin class of
THPn is the following
(3.4) p(HPn) = (1 + u)2n+2(1 + 4u)−1 = (1 + u)2n+2(1 − 4u+ 16u2 + · · · ).
In particular, for HP 2, we have p1(HP
2) = 2u, p2(HP
2) = 7u2.
By direct computations, Sig(HP 2) = 〈− 145p21 + 745p2, [HP 2]〉 = 1. Thus by the
multiplicity of the signature, we have Sig((HP 2)n) = 1, for n ∈ Z+.
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Also by direct computations, we have Â(HP 2) = 〈 116 ( 7360p21− 190p2), [HP 2]〉 = 0.
Thus by Corollary 2.8, we have Sig(HP 2, T ) = 0. Keeping applying (3.2), we obtain
that Sig((HP 2)n, T ) = 0, for n ∈ Z+.
By Corollary 2.10, Sig(HP 2, T ⊗ T ) = 23 Sig(HP 2, T ) = 0. Keeping applying
(3.3), we obtain that Sig((HP 2)n, T ⊗ T ) = 0, for n ∈ Z+.

Now we can prove Proposition 3.1 as follows.
Proof. Let K be a K3-surface. It is well known that Sig(K) is −16. Then by
Corollary 2.1, Sig(K,T ) = 16 Sig(K) = −256.
Applying (3.2) and Lemma 3.2 to the 8k + 4 dimensional spin manifold K ×
(HP 2)k, we obtain that
Sig
(
K × (HP 2)k, T )
=Sig(K)Sig((HP 2)k, T ) + Sig((HP 2)k)Sig(K,T )
=Sig(K,T )
=− 256.
This proves Proposition 3.1. 
Our twisted anomaly cancellation formula (2.17) implies the divisibility of the
twisted signature Sig(M,T⊗T ). According to the generalized Hirzebruch signature
formula [7, 11], when M is an 8k+ 4 dimensional closed spin manifold, integrating
both sides of (2.17) against the fundamental class [M ], we have
Sig(M,T ⊗ T )− 55 Sig(M,T ) + 768 Sig(M)
=225〈[
k−2∑
r=0
(k − r)(k − r − 1)26(k−r−2)hr(TCM)], [M ]〉.
(3.5)
In particular, by (2.19), in dimension 4, we have
(3.6) Sig(M,T ⊗ T )− 112 Sig(M) = 0.
By the Atiyah-Hirzebruch divisibility [3], (3.5) shows Sig(M,T⊗T )−55 Sig(M,T )+
768 Sig(M) is divisible by 226. Therefore, according to Theorem 3.2 and the Ocha-
nine divisibility [19], we obtain
Theorem 3.3. Let M be an 8k+4 dimensional closed spin manifold, when dimM =
4, the twisted signature Sig(M,T⊗T ) is divisible by 256·7; when dimM = 8k+4, k ≥
1, the the twisted signature Sig(M,T ⊗ T ) is divisible by 256.
Moreover we are also able to show that these divisibilities of Sig(M,T ⊗ T ) are
best possible.
Proposition 3.2. 256 · 7 is the best possible divisibility of the twisted signature
Sig(M,T ⊗T ) for 4 dimensional spin manifolds; 256 is the best possible divisibility
of the twisted signature Sig(M,T ⊗T ) for 8k+4 dimensional spin manifolds, where
k ≥ 1.
Proof. Let K be a K3-surface. By (3.6), one has Sig(K,T ⊗ T ) = 112 Sig(K) =
−256 · 7. This shows 256 · 7 is the best possible divisibility of the twisted signature
Sig(M,T ⊗ T ) for 4 dimensional spin manifolds.
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Let B8 be such a Bott manifold, which is 8 dimensional, spin with Â(B8) = 1
and Sig(B8) = 0 [15]. By Corollary 2.8, Sig(B8, T ) = 2048 Â(B8) = 2048. Then by
(2.27), Sig(B8, T ⊗ T ) = 23 Sig(B8, T ) = 23 · 2048. Therefore, by (3.3),
Sig
(
K ×B8, T ⊗ T )
=Sig(K)Sig(B8, T ⊗ T ) + 2Sig(K,T )Sig(B8, T ) + Sig(B8)Sig(K,T ⊗ T )
=− 16 · 23 · 2048 + 2 · (−256) · 2048
=− 55 · 215.
Applying (3.3) and Lemma 3.2 to the 8k + 4 dimensional, k ≥ 1, spin manifold
(HP 2)k−1 ×K ×B8, we have
Sig
(
(HP 2)k−1 ×K ×B8, T ⊗ T )
=Sig(K ×B8)Sig((HP 2)k−1, T ⊗ T ) + 2Sig(K ×B8, T )Sig((HP 2)k−1, T )
+ Sig((HP 2)k−1)Sig(K ×B8, T ⊗ T )
=Sig(K ×B8, T ⊗ T )
=− 55 · 215.
Applying (3.3) and Lemma 3.2 to the 8k + 4 dimensional, k ≥ 1, spin manifold
(HP 2)k ×K, we have
Sig
(
(HP 2)k ×K,T ⊗ T )
=Sig(K)Sig((HP 2)k, T ⊗ T ) + 2Sig(K,T )Sig((HP 2)k, T )
+ Sig((HP 2)k)Sig(K,T ⊗ T )
=Sig(K,T ⊗ T )
=− 256 · 7.
Since the maximal common denominator of −55 · 215 and −256 · 7 is 256, we see
that 256 is the best possible divisibility of the twisted signature Sig(M,T ⊗ T ) for
8k + 4 dimensional spin manifolds, where k ≥ 1. 
3.2. 8k dimensional case. According to the generalized Hirzebruch signature for-
mula [7], when M is an 8k dimensional closed spin manifold, integrating both sides
of (2.23) against the fundamental class [M ], we have
(3.7) Sig(M,T ) = 2048〈[
k−1∑
r=0
(k − r)26(k−r−1)zr(TCM)], [M ]〉.
Then according to the Atiyah-Singer index theorem, our anomaly cancellation for-
mula (2.23) actually implies the Hirzebruch divisibility:
Theorem 3.4 (Hirzebruch, [12]). If M is an 8k dimensional closed spin manifold,
then Sig(M,T ) is divisible by 2048.
Remark 3.1. This divisibility looks astonishing since on 8k dimensional closed
spin manifold, we can say nothing about the divisibility on the signature while this
twisted signature has so high divisibility.
Moreover, we are able to show that the Hirzebruch divisibility is best possible.
12 QINGTAO CHEN AND FEI HAN
Proposition 3.3. 2048 is the best possible divisibility for the tangent twisted sig-
nature of 8k dimensional spin manifolds.
Proof. Let B8 be a Bott manifold as in the proof of Proposition 3.2. Applying
Lemma 3.1 and Lemma 3.2 to the 8k dimensional spin manifold B8 × (HP 2)k−1,
one has
Sig
(
B8 × (HP 2)k−1, T )
=Sig(B8)Sig((HP 2)k−1, T ) + Sig((HP 2)k−1)Sig(B8, T )
=Sig(B8, T )
=2048.
This proves Proposition 3.3. 
Our twisted anomaly cancellation formula (2.26) implies the divisibility of the
twisted signature Sig(M,T⊗T ). According to the generalized Hirzebruch signature
formula [7, 11], whenM is an 8k dimensional closed spin manifold, integrating both
sides of (2.26) against the fundamental class [M ], we have
Sig(M,T ⊗ T )− 23 Sig(M,T )
=222〈[
k−2∑
r=0
(k − r)(k − r − 1)26(k−r−2)zr(TCM)], [M ]〉.
(3.8)
In particular, by (2.28), in dimension 8, we have
(3.9) Sig(M,T ⊗ T )− 23 · 2048 Â(M) = 0.
By the Atiyah-Singer index theorem, Sig(M,T ⊗ T ) − 23 Sig(M,T ) is divisible
by 222. Therefore, according to Theorem 3.4, we obtain
Theorem 3.5. Let M be an 8k dimensional closed spin manifold, when dimM = 8,
the twisted signature Sig(M,T⊗T ) is divisible by 2048·23; when dimM = 8k, k ≥ 2,
the the twisted signature Sig(M,T ⊗ T ) is divisible by 2048.
Moreover, we are also able to show that these divisibilities of Sig(M,T ⊗ T ) are
best possible.
Proposition 3.4. 2048 · 23 is the best possible divisibility of the twisted signature
Sig(M,T ⊗T ) for 8 dimensional spin manifolds; 2048 is the best possible divisibility
of the twisted signature Sig(M,T ⊗ T ) for 8k dimensional spin manifolds, where
k ≥ 2.
Proof. Let B8 be a Bott manifold as in the proof of Proposition 3.2. Sig(B8, T ⊗
T ) = 2048 ·23 Â(B8) = 2048 ·23 shows that 2048 ·23 is the best possible divisibility
of the twisted signature Sig(M,T ⊗ T ) for 8 dimensional spin manifolds.
By (3.3),
Sig
(
B8 ×B8, T ⊗ T )
=Sig(B8)Sig(B8, T ⊗ T ) + 2Sig(B8, T )Sig(B8, T ) + Sig(B8)Sig(B8, T ⊗ T )
=2Sig(B8, T )Sig(B8, T )
=223.
MODULAR INVARIANCE AND TWISTED ANOMALY CANCELLATIONS 13
Applying (3.3) and Lemma 3.2 to the 8k dimensional, k ≥ 2, spin manifold
(HP 2)k−2 ×B8 ×B8, we have
Sig
(
(HP 2)k−2 ×B8 ×B8, T ⊗ T )
=Sig(B8 ×B8)Sig((HP 2)k−2, T ⊗ T ) + 2Sig(B8 ×B8, T )Sig((HP 2)k−2, T )
+ Sig((HP 2)k−2)Sig(B8 ×B8, T ⊗ T )
=Sig(B8 ×B8, T ⊗ T )
=223.
Applying (3.3) and Lemma 3.2 to the 8k dimensional, k ≥ 2, spin manifold
(HP 2)k−1 ×B8, we have
Sig
(
(HP 2)k−1 ×B8, T ⊗ T )
=Sig(B8)Sig((HP 2)k−1, T ⊗ T ) + 2Sig(B8, T )Sig((HP 2)k−1, T )
+ Sig((HP 2)k−1)Sig(B8, T ⊗ T )
=Sig(B8, T ⊗ T )
=2048 · 23.
Since the maximal common denominator of 223 and 2048 · 23 is 2048, we see that
2048 is the best possible divisibility of the twisted signature Sig(M,T ⊗ T ) for 8k
dimensional spin manifolds, where k ≥ 2. 
4. Spinc Manifolds and Twisted Rokhlin Congruences for
Characteristic Numbers
In this section, we apply Theorem 2.5 and Theorem 2.6 to 8k+4 and 8k dimen-
sional spinc manifolds respectively to obtain some congruence results. In particular,
for 8k + 4 dimensional spinc manifolds, we establish twisted Rokhlin congruence
formulas.
4.1. 8k + 4 dimensional case. Let M be an 8k + 4 dimensional closed spinc
manifold and (ξ,∇ξ) be a real oriented Euclidean plane bundle, or equivalently a
complex line bundle, over M such that w2(TM) ≡ [e(ξ,∇ξ)] in H2(M,Z2). Let B
be an oriented 8k+ 2 dimensional submanifold of M such that [B] ∈ H8k+2(M,Z)
is dual to [e(ξ,∇ξ)]. Let B • B denote the self-intersection of B in M and N be
the normal bundle to B •B in M . Applying the Poincare´ duality, we have∫
M
L̂(TM)
cosh2
(
c
2
) =∫
M
L̂(TM)−
∫
M
L̂(TM)
sinh2
(
c
2
)
cosh2
(
c
2
)
=
∫
M
L̂(TM)−
∫
B•B
L̂(B •B),
(4.1)
∫
M
L̂(TM)ch(TCM)
cosh2
(
c
2
)
=
∫
M
L̂(TM)ch(TCM)−
∫
M
L̂(TM)ch(TCM)
sinh2
(
c
2
)
cosh2
(
c
2
)
=
∫
M
L̂(TM)ch(TCM)−
∫
B•B
L̂(B •B)ch(TC(B •B)⊕NC),
(4.2)
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and
(4.3)
∫
M
L̂(TM)ch
(
2ξC ⊕C8
) sinh2 ( c2)
cosh2
(
c
2
) = ∫
B•B
L̂(B •B)ch (NC ⊕C8) .
Therefore, by (2.31), (4.1) to (4.3), we have
(4.4)
∫
M
L̂(TM)ch(TCM)−
∫
B•B
L̂(B •B)ch(TC(B •B)⊕ 2NC ⊕C8)
−16
(∫
M
L̂(TM)−
∫
B•B
L̂(B •B)
)
= 214
∫
M
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC).
Thus one has
1
128
{∫
M
L̂(TM)ch(TCM)−
∫
B•B
L̂(B •B)ch(TC(B •B)⊕ 2NC ⊕C8)
}
=
∫
M L̂(TM)−
∫
B•B L̂(B •B)
8
+ 27
∫
M
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC),
(4.5)
and
1
214
{∫
M
L̂(TM)ch(TCM)−
∫
B•B
L̂(B •B)ch(TC(B •B)⊕ 2NC ⊕C8)
−16
(∫
M
L̂(TM)−
∫
B•B
L̂(B •B)
)}
=
∫
M
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC)
=
∫
M
k−2∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC) +
∫
M
hk−1(TCM, ξC)
=
∫
M
k−2∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC)
+
∫
M
Â(TM,∇TM )ch(bk−1(TCM, ξC)) cosh
( c
2
)
.
(4.6)
From [9, Theorem 3.2] (Theorem 4.2 below), Theorem 2.5, (4.5), (4.6) and the
Atiyah-Singer index theorem for spinc manifolds, we obtain that
Theorem 4.1. If M is an 8k+4 dimensional closed spinc manifold, ξ is a complex
line bundle over M such that c1(ξ) ≡ w2(TM) ∈ H2(M,Z2) and B is an oriented
8k + 2 dimensional submanifold of M such that [B] ∈ H8k+2(M,Z) is dual to
c1(ξ) ∈ H2(M,Z), then
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)
is divisible by 128 and
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)− 16 (Sig(M)− Sig (B •B))
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is divisible by 214. Moreover, one has
1
128
{
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)}
≡
∫
M
Â(TM,∇TM )ch(bk(TCM, ξC)) cosh
( c
2
)
mod 64,
(4.7)
and
1
214
{
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)− 16 (Sig(M)− Sig (B •B))}
≡
∫
M
Â(TM,∇TM )ch(bk−1(TCM, ξC)) cosh
( c
2
)
mod 128.
(4.8)
Note that we also have the following results:
Theorem 4.2. (Han− Zhang [9,Theorem 3.2]) The following congruence formula
holds,
Sig(M)− Sig (B •B)
8
≡
∫
M
Â(TM,∇TM )ch(bk(TCM, ξC)) cosh
( c
2
)
mod 64.
(4.9)
Theorem 4.3. (Liu− Zhang [18,Theorem 4.2],Han− Zhang [9, formula 3.5, 3.6 and 3.14]
The following congruence formulas hold,∫
M
Â(TM,∇TM )ch(br(TCM, ξC)) cosh
( c
2
)
≡
∫
M
Â(TM,∇TM )ch(br(TCM +C2 − ξC,C2)) cosh
( c
2
)
mod 2,
(4.10)
0 ≤ r ≤ k, and
Sig(M)− Sig (B •B)
8
≡
∫
M
Â(TM,∇TM )ch(bk(TCM +C2 − ξC,C2)) cosh
( c
2
)
mod 2.
(4.11)
Let E be a real vector bundle over M and i : B →֒ M denote the canonical
embedding of B in M . Then we have ,
Theorem 4.4. (Zhang, [20]) The following identity holds,
(4.12)
∫
M
Â(TM,∇TM )ch(E ⊗C) cosh
( c
2
)
≡ ind2(i∗E) mod 2,
where ind2(i
∗E) is the mod 2 index in the sense of Atiyah and Singer.
Note that Theorem 4.4 only holds for 8k + 4 dimensional spinc manifolds.
Combining Theorem 4.1, Theorem 4.3 and 4.4, we obtain that
Corollary 4.1. The following congruence formulas hold,
1
128
{
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)}
≡ ind2(bk(TB +R2,R2)) mod 2,
(4.13)
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and
1
214
{
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)− 16 (Sig(M)− Sig (B •B))}
≡ ind2(bk−1(TB +R2,R2)) mod 2.
(4.14)
We can regard (4.13) and (4.14) as twisted Rokhlin congruence formulas for
8k + 4 dimensional spinc manifolds.
4.2. 8k dimensional case. By similar computations as what we did in the above
subsection, for 8k dimensional case, from Theorem 2.6, we have∫
M
L̂(TM)ch(TCM)−
∫
B•B
L̂(B •B)ch(TC(B •B)⊕ 2NC ⊕C8)
=211
∫
M
k−1∑
r=0
(k − r)26(k−r−1)zr(TCM, ξC)).
(4.15)
Theorem 4.5. If M is an 8k dimensional closed spinc manifold, ξ is a complex
line bundle over M such that c1(ξ) ≡ w2(TM) ∈ H2(M,Z2) and B is an oriented
8k − 2 dimensional submanifold of M such that [B] ∈ H8k−2(M,Z) is dual to
c1(ξ) ∈ H2(M,Z). Let B • B be the self-intersection of B in M and N be the
normal bundle of B •B in M , then
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)
is divisible by 2048. Moreover, one has
1
2048
{
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
))}
≡
∫
M
zk−1(TCM, ξC) =
∫
M
Â(TM,∇TM )ch(dk−1(TCM, ξC)) cosh
( c
2
)
mod 128.
(4.16)
Remark 4.1. It’s pretty interesting to note that in 8k dimensional spinc case
although we can say nothing about the divisibility of (Sig(M)− Sig(B •B)), we do
have a very high divisibility for the twisted version
Sig(M,TCM)− Sig
(
B •B, TC(B •B)⊕ 2NC ⊕C8
)
,
which is even much higher than the 8k + 4 dimensional case.
5. Proofs of Twisted Anomaly Cancellation Formulas
We use the modular invariance method developed in [16, 8, 9] to prove Theorem
2.1 to 2.6 in this section.
We first recall some necessary knowledge on theta-functions and modular forms.
Then in Section 5.1 we prove Theorem 2.1 to 2.4 together and in Section 5.2 we
prove Theorem 2.5 and 2.6 together.
Recall that the four Jacobi theta-functions [5] defined by infinite multiplications
are
(5.1) θ(v, τ) = 2q1/8 sin(πv)
∞∏
j=1
[(1− qj)(1 − e2pi
√
−1vqj)(1 − e−2pi
√
−1vqj)],
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(5.2) θ1(v, τ) = 2q
1/8 cos(πv)
∞∏
j=1
[(1− qj)(1 + e2pi
√
−1vqj)(1 + e−2pi
√
−1vqj)],
(5.3) θ2(v, τ) =
∞∏
j=1
[(1 − qj)(1− e2pi
√
−1vqj−1/2)(1− e−2pi
√
−1vqj−1/2)],
(5.4) θ3(v, τ) =
∞∏
j=1
[(1 − qj)(1 + e2pi
√
−1vqj−1/2)(1 + e−2pi
√
−1vqj−1/2)],
where q = e2pi
√
−1τ , τ ∈ H.
They are all holomorphic functions for (v, τ) ∈ C×H, where C is the complex
plane and H is the upper half plane.
Let θ
′
(0, τ) = ∂∂v θ(v, τ)|v=0 , then the following Jacobi identity relates the four
theta-functions garcefully.
Proposition 5.1. (Jacobi identity, [5,Chapter 3]) The following identity holds,
(5.5) θ
′
(0, τ) = πθ1(0, τ)θ2(0, τ)θ3(0, τ).
Let
SL2(Z) :=
{(
a b
c d
)∣∣∣∣ a, b, c, d ∈ Z, ad− bc = 1}
as usual be the famous modular group. Let
S =
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
be the two generators of SL2(Z). Their actions on H are given by
S : τ → − 1
τ
, T : τ → τ + 1.
Let
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ c ≡ 0 (mod 2)} ,
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ b ≡ 0 (mod 2)}
be the two modular subgroup of SL2(Z). It is known that the generators of Γ0(2)
are T, ST 2ST , while the generators of Γ0(2) are STS, T 2STS (cf. [5]).
If we act theta-functions by S and T , the following transformation formulas hold
(cf. [5]),
(5.6)
θ(v, τ + 1) = e
pi
√−1
4 θ(v, τ), θ (v,−1/τ) = 1√−1
(
τ√−1
)1/2
epi
√
−1τv2θ (τv, τ) ;
(5.7) θ1(v, τ+1) = e
pi
√−1
4 θ1(v, τ), θ1 (v,−1/τ) =
(
τ√−1
)1/2
epi
√
−1τv2θ2(τv, τ) ;
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(5.8) θ2(v, τ + 1) = θ3(v, τ), θ2 (v,−1/τ) =
(
τ√−1
)1/2
epi
√
−1τv2θ1(τv, τ) ;
(5.9) θ3(v, τ + 1) = θ2(v, τ), θ3 (v,−1/τ) =
(
τ√−1
)1/2
epi
√
−1τv2θ3(τv, τ) .
Let Γ be a subgroup of SL2(Z).
Definition 5.1. A modular form over Γ is a holomorphic function f(τ) on H∪{∞}
such that for any
g =
(
a b
c d
)
∈ Γ ,
the following property holds
f(gτ) := f(
aτ + b
cτ + d
) = χ(g)(cτ + d)kf(τ),
where χ : Γ→ C∗ is a character of Γ and k is called the weight of f .
If Γ is a modular subgroup, let MR(Γ) denote the ring of modular forms over Γ
with real Fourier coefficients. Writing simply θj = θj(0, τ), 1 ≤ j ≤ 3, we introduce
four explicit modular forms (cf. [16]),
δ1(τ) =
1
8
(θ42 + θ
4
3), ε1(τ) =
1
16
θ42θ
4
3 ,
δ2(τ) = −1
8
(θ41 + θ
4
3), ε2(τ) =
1
16
θ41θ
4
3 .
They have the following Fourier expansions in q1/2:
δ1(τ) =
1
4
+ 6q + 6q2 + · · · , ε1(τ) = 1
16
− q + 7q2 + · · · ,
δ2(τ) = −1
8
− 3q1/2 − 3q + · · · , ε2(τ) = q1/2 + 8q + · · · .
where the “· · · ” terms are the higher degree terms, all of which have integral coef-
ficients. They also satisfy the transformation laws (cf [14], [16]),
(5.10) δ2
(
− 1
τ
)
= τ2δ1(τ) , ε2
(
− 1
τ
)
= τ4ε1(τ).
Lemma 5.1. ([16]) One has that δ1(τ) (resp. ε1(τ)) is a modular form of weight
2 (resp. 4) over Γ0(2), while δ2(τ) (resp. ε2(τ)) is a modular form of weight
2 (resp. 4) over Γ0(2), and moreover MR(Γ0(2)) = R[δ2(τ), ε2(τ)].
5.1. Proof of Theorem 2.1 to 2.4. Without loss of generality, we will adopt the
Chern roots formalism as in [16], in the computations of characteristic forms.
Recall that if {wi} are the fromal Chern roots of a Hermitian vector bundle
E carrying a Hermitian ∇E , then one has the following formula for the Chern
character form of the exterior power of E [11],
(5.11) ch(Λt(E)) =
∏
i
(1 + ewit).
Let’s deal with 8k + 4 dimensional manifolds first.
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For τ ∈ H and q = e2pi
√
−1τ , set (cf. [16])
(5.12) P1(τ) =
{
L̂(TM,∇TM )ch
(
Θ1(TCM),∇Θ1(TCM)
)}(8k+4)
,
(5.13) P2(τ) =
{
Â(TM,∇TM )ch
(
Θ2(TCM),∇Θ2(TCM)
)}(8k+4)
,
where ∇Θi(TCM), i = 1, 2, are the Hermitian connections with qj/2-coefficients on
Θi(TCM) induced from those on the Aj(TCM)’s and Bj(TCM)’s.
Let {±2π√−1xj} be the formal Chern roots for (TCM,∇TCM ). In terms of the
theta-functions, we get (cf. [16])
(5.14) P1(τ) = 2
4k+2

4k+2∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ1(xj , τ)
θ1(0, τ)

(8k+4)
,
(5.15) P2(τ) =

4k+2∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ2(xj , τ)
θ2(0, τ)

(8k+4)
.
Applying the transformation laws (5.6) to (5.9) for theta-functions, we see that
P1(τ) is a modular form of weight 4k+2 over Γ0(2); while P2(τ) is a modular form
of weight 4k + 2 over Γ0(2). Moreover, the following identity holds,
(5.16) P1(−1/τ) = (2τ)4k+2P2(τ).
Observe that at any point x ∈ M , up to the volume form determined by the
metric on TxM , both Pi(τ), i = 1, 2, can be viewed as a power series of q
1/2 with
real Fourier coefficients. Thus, one can apply Lemma 5.1 to P2(τ) to get, at x, that
(5.17) P2(τ) = h0(TCM)(8δ2)
2k+1+h1(TCM)(8δ2)
2k−1ε2+· · ·+hk(TCM)(8δ2)εk2 ,
where each hr(TCM), 0 ≤ r ≤ k, is a real multiple of the volume form at x.
We can show that each hr(TCM), 0 ≤ r ≤ k, can be expressed through a canoni-
cal integral linear combination of
{
Â(TM,∇TM )ch (Bj(TCM),∇Bj(TCM))}(8k+4) , 0 ≤
j ≤ r, with coefficients not depending on x ∈M . As in [16], one can use the induc-
tion method to prove this fact easily by comparing the coefficients of qj/2, j ≥ 0,
between the two sides of (5.17). For the consideration of the length of this paper, we
do not give details here but only write down the explicit expressions for h0(TCM)
and h1(TCM) as follows.
(5.18) h0(TCM) = −
{
Â(TM,∇TM )
}(8k+4)
,
(5.19)
h1(TCM) =
{
Â(TM,∇TM )
[
24(2k + 1)− ch
(
B1(TCM),∇B1(TCM)
)]}(8k+4)
.
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By (5.16) and (5.17), we have
P1(τ) =2
4k+2 1
τ4k+2
P2(−1/τ)
=24k+2
1
τ4k+2
[
h0(TCM)
(
8δ2(−1/τ)
)2k+1
+ h1(TCM)
(
8δ2(−1/τ)
)2k−1
ε2(−1/τ) + · · ·
+ hk(TCM)
(
8δ2(−1/τ)
)(
ε2(−1/τ)
)k]
=24k+2
[
h0(TCM)(8δ1)
2k+1 + h1(TCM)(8δ1)
2k−1ε1 + · · ·+ hk(TCM)(8δ1)εk1
]
.
(5.20)
Expanding Θ1(TCM) explicitly, by (2.8) we have
Θ1(TCM) =
∞⊗
n=1
Sqn(TCM)Λ−qn(C
8k+4)
⊗
∞⊗
m=1
Λqm(TCM)S−qm(C
8k+4)
=(1 + (TCM)q + (S
2TCM)q
2 + · · · )(1 + (TCM)q2 + · · · )
(1 −C8k+4q + (Λ2C8k+4)q2 + · · · )(1−C8k+4q2 + · · · )
(1 + (TCM)q + (Λ
2TCM)q
2 + · · · )(1 + (TCM)q2 + · · · )
(1 −C8k+4q + (S2C8k+4)q2 + · · · )(1−C8k+4q2 + · · · )
=(1 + 2(TCM)q + (TCM ⊗ TCM + S2TCM + Λ2TCM)q2 + · · · )
(1 + 2(TC)Mq
2 + · · · )
(1 − 2C8k+4q + (C8k+4 ⊗C8k+4 + S2C8k+4 + Λ2C8k+4)q2 + · · · )
(1 − 2C8k+4q2 + · · · )
=(1 + 2(TCM)q + 2(TCM + TCM ⊗ TCM)q2 + · · · )
(1 − 2C8k+4q + 2(C8k+4 ⊗C8k+4 −C8k+4)q2 + · · · )
=1 + 2(TCM −C8k+4)q
+ 2[−(16k + 7)TCM + TCM ⊗ TCM + (8k + 4)(8k + 3)]q2 + · · · ,
(5.21)
where the “· · · ” are the terms involving qj ’s with j ≥ 3.
Note that
(8δ1)
2k+1−2rε1
r
=(2 + 48q + 48q2 · · · )2k+1−2r( 1
16
− q + 7q2 · · · )r
=22k+1−6r[1 + 24(2k + 1− 2r)q + 24(2k + 1− 2r)(24k − 24r + 1)q2 · · · ]
[1− 16rq + 16(8r2 − r)q2 · · · ]
=22k+1−6r[1 + (48k + 24− 64r)q+
(1152k2 − 3072kr + 2048r2 + 624k − 1024r+ 24)q2 + · · · ].
(5.22)
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Therefore, by (5.12), (5.21) and (5.22), setting q = 0 in (5.20), we get the result
of Liu ([16])
(5.23)
{
L̂(TM,∇TM )
}(8k+4)
= 8
k∑
r=0
26k−6rhr(TCM).
On the other hand, by (5.12), (5.21) and (5.22), comparing the coefficients of q
in (5.20), we have {
L̂(TM,∇TM )ch (2(TCM)− 2(8k + 4))
}(8k+4)
=8
k∑
r=0
hr(TCM)2
6k−6r(48k + 24− 64r).
(5.24)
Thus {
L̂(TM,∇TM )ch ((TCM)− (8k + 4))
}(8k+4)
=4
k∑
r=0
hr(TCM)2
6k−6r(48k + 24− 64r)
=12
(
8
k∑
r=0
26k−6rhr(TCM)
)
− 8k
(
8
k∑
r=0
26k−6rhr(TCM)
)
+
k∑
r=0
hr(TCM)2
6k−6r(256k − 256r)
=12
(
8
k∑
r=0
26k−6rhr(TCM)
)
− 8k
(
8
k∑
r=0
26k−6rhr(TCM)
)
+ 256 · 26
k−1∑
r=0
(k − r)hr(TCM)26k−6r−6.
(5.25)
Combining (5.23) and (5.25), one has{
L̂(TM,∇TCM )ch(TCM)− 16L̂(TM,∇TM )
}(8k+4)
=28[
k∑
r=0
(k − r)26(k−r)hr(TCM)]
=214[
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM)],
(5.26)
which is just (2.13).
Furthermore, by (5.12), (5.21) and (5.22), comparing the coefficients of q2 in
(5.20), we have{
L̂(TM,∇TM )ch (2[−(16k + 7)TCM + TCM ⊗ TCM + (8k + 4)(8k + 3)])
}(8k+4)
=8
k∑
r=0
hr(TCM)2
6k−6r(1152k2 − 3072kr+ 2048r2 + 624k − 1024r + 24).
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Thus, combining (5.23) and (5.26), we have{
L̂(TM,∇TM )ch ([−(16k + 7)TCM + TCM ⊗ TCM + (8k + 4)(8k + 3)])
}(8k+4)
=32
k∑
r=0
hr(TCM)2
6k−6r(144k2 − 384kr+ 256r2 + 78k − 128r + 3)
=− 16k · 28[
k∑
r=0
(k − r)26(k−r)hr(TCM)] + 48 · 28[
k∑
r=0
(k − r)26(k−r)hr(TCM)]
+ (64k2 − 200k+ 12) · 8
k∑
r=0
26k−6rhr(TCM)
+ 213
k∑
r=0
(k − r)(k − r − 1)26(k−r)hr(TCM)
=− 16k
{
L̂(TM,∇TCM )ch(TCM)− 16L̂(TM,∇TM )
}(8k+4)
+ 48
{
L̂(TM,∇TCM )ch(TCM)− 16L̂(TM,∇TM )
}(8k+4)
+ (64k2 − 200k+ 12)
{
L̂(TM,∇TCM )
}(8k+4)
+ 213
k∑
r=0
(k − r)(k − r − 1)26(k−r)hr(TCM).
Therefore by above computations, we have{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 55L̂(TM,∇TM )ch(TCM) + 768L̂(TM,∇TM )
}(8k+4)
=213
k∑
r=0
(k − r)(k − r − 1)26(k−r)hr(TCM)
=225
k−2∑
r=0
(k − r)(k − r − 1)26(k−r−2)hr(TCM),
which is just (2.17).
To prove Theorem 2.2 for 8k dimensional case, similarly we set (cf. [16])
(5.27) P1(τ) =
{
L̂(TM,∇TM )ch
(
Θ1(TCM),∇Θ1(TCM)
)}(8k)
,
(5.28) P2(τ) =
{
Â(TM,∇TM )ch
(
Θ2(TCM),∇Θ2(TCM)
)}(8k)
.
Then one similarly finds that P1(τ) is a modular form of weight 4k over Γ0(2);
while P2(τ) is a modular form of weight 4k over Γ
0(2) and
(5.29) P1(−1/τ) = (2τ)4kP2(τ).
This time, applying Lemma 5.1, we have
(5.30) P2(τ) = z0(TCM)(8δ2)
2k + z1(TCM)(8δ2)
2k−2ε2 + · · ·+ zk(TCM)εk2 .
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And thus
(5.31)
P1(τ) = 2
4k
[
z0(TCM)(8δ1)
2k + z1(TCM)(8δ1)
2k−2ε1 + · · ·+ zk(TCM)εk1
]
.
Now we have,
(5.32) z0(TCM) =
{
Â(TM,∇TM )
}(8k)
,
(5.33) z1(TCM) = −
{
Â(TM,∇TM )
[
48k − ch
(
B1(TCM),∇B1(TCM)
)]}(8k)
.
Expanding Θ1(TCM) explicitly, we have
Θ1(TCM) =
∞⊗
n=1
Sqn(TCM)Λ−qn(C
8k)
⊗
∞⊗
m=1
Λqm(TCM)S−qm(C
8k)
=(1 + (TCM)q + (S
2TCM)q
2 + · · · )(1 + (TCM)q2 + · · · )
(1−C8kq + (Λ2C8k)q2 + · · · )(1 −C8kq2 + · · · )
(1 + (TCM)q + (Λ
2TCM)q
2 + · · · )(1 + (TCM)q2 + · · · )
(1−C8kq + (S2C8k)q2 + · · · )(1 −C8kq2 + · · · )
=(1 + 2(TCM)q + (TCM ⊗ TCM + S2TCM + Λ2TCM)q2 + · · · )
(1 + 2(TC)Mq
2 + · · · )
(1− 2C8kq + (C8k ⊗C8k + S2C8k + Λ2C8k)q2 + · · · )
(1− 2C8kq2 + · · · )
=(1 + 2(TCM)q + 2(TCM + TCM ⊗ TCM)q2 + · · · )
(1− 2C8kq + 2(C8k ⊗C8k −C8k)q2 + · · · )
=1 + 2(TCM −C8k)q
+ 2[−(16k − 1)TCM + TCM ⊗ TCM + 8k(8k − 1)]q2 + · · · ,
(5.34)
where the “· · · ” are the terms involving qj ’s with j ≥ 3. Note that
(8δ1)
2k−2rε1
r
=(2 + 48q + 48q2 · · · )2k−2r( 1
16
− q + 7q2 · · · )r
=22k−6r[1 + 24(2k − 2r)q + 24(k − r)(48k − 48r − 22)q2 · · · ]
[1− 16rq + 16(8r2 − r)q2 · · · ]
=22k−6r[1 + (48k − 64r)q+
(1152k2 − 3072kr+ 2048r2 − 528k + 512r)q2 + · · · ].
(5.35)
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Therefore by (5.27), (5.34) and (5.35), comparing the constant terms of both
sides of (5.31), we get the result of Liu ([16])
(5.36)
{
L̂(TM,∇TM )
}(8k)
=
k∑
r=0
26k−6rzr(TCM).
By (5.27), (5.34) and (5.35), comparing the coefficients of q of both sides of (5.31),
we have
(5.37){
L̂(TM,∇TM )ch (2(TCM,∇TCM )− 2(8k))}(8k) = k∑
r=0
26k−6r(48k−64r)zr(TCM).
Thus
{
L̂(TM,∇TM )ch ((TCM,∇TCM )− 8k)}(8k)
=
k∑
r=0
26k−6r(24k − 32r)zr(TCM)
= − 8k
(
k∑
r=0
26k−6rzr(TCM)
)
+
k∑
r=0
26k−6r(32k − 32r)zr(TCM)
= − 8k
(
k∑
r=0
26k−6rzr(TCM)
)
+ 32 · 26
k−1∑
r=0
(k − r)26k−6r−6zr(TCM).
(5.38)
Combining (5.36) and (5.38), we get
{
L̂(TM,∇TM )ch(TCM,∇TCM )
}(8k)
=25[
k∑
r=0
(k − r)26(k−r)zr(TCM)]
=211[
k−1∑
r=0
(k − r)26(k−r−1)zr(TCM)],
(5.39)
which is just (2.23).
By (5.27), (5.34) and (5.35), comparing the coefficients of q2 of both sides of
(5.31), we have
{
L̂(TM,∇TM )ch (2[−(16k − 1)TCM + TCM ⊗ TCM + 8k(8k − 1)])
}(8k)
=
k∑
r=0
zr(TCM)2
6k−6r(1152k2 − 3072kr+ 2048r2 − 528k + 512r).
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Thus, combining (5.36) and (5.39), we have{
L̂(TM,∇TM )ch ([−(16k − 1)TCM + TCM ⊗ TCM + 8k(8k − 1)])
}(8k)
=
k∑
r=0
zr(TCM)2
6k−6r(576k2 − 1536kr+ 1024r2 − 264k + 256r)
=− 16k · 25[
k∑
r=0
(k − r)26(k−r)zr(TCM)] + 24 · 25[
k∑
r=0
(k − r)26(k−r)zr(TCM)]
+ (64k2 − 8k)
k∑
r=0
26k−6rzr(TCM)
+ 210
k∑
r=0
(k − r)(k − r − 1)26(k−r)zr(TCM)
=− 16k
{
L̂(TM,∇TCM )ch(TCM)
}(8k)
+ 24
{
L̂(TM,∇TCM )ch(TCM)
}(8k)
+ (64k2 − 8k)
{
L̂(TM,∇TCM )
}(8k+4)
+ 210
k∑
r=0
(k − r)(k − r − 1)26(k−r)zr(TCM).
Therefore by above computations, we have{
L̂(TM,∇TM )ch(TCM ⊗ TCM)− 23L̂(TM,∇TM )ch(TCM)
}(8k)
=210
k∑
r=0
(k − r)(k − r − 1)26(k−r)zr(TCM)
=222
k−2∑
r=0
(k − r)(k − r − 1)26(k−r−2)zr(TCM),
which is just (2.26).
5.2. Proof of Theorem 2.5 and 2.6. The proof for the cases with the extra
complex line bundle ξ involved is similar to the above proof.
For τ ∈ H and q = e2pi
√
−1τ , set (cf. [8, 9])
(5.40) P1(ξC, τ) =
{
L̂(TM,∇TM )
cosh2
(
c
2
) ch(Θ1(TCM, ξC),∇Θ1(TCM,ξC))
}(8k+4)
,
(5.41)
P2(ξC, τ) =
{
Â(TM,∇TM )ch
(
Θ2(TCM, ξC),∇Θ2(TCM,ξC)
)
cosh
( c
2
)}(8k+4)
,
where ∇Θi(TCM,ξC), i = 1, 2, are the Hermitian connections with qj/2-coefficients
on Θi(TCM, ξC) induced from those on the Aj(TCM, ξC)’s and Bj(TCM, ξC)’s.
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Let {±2π√−1xj} be the formal Chern roots for (TCM,∇TCM ), c = 2π
√−1u.
In terms of the theta-functions, we get (cf. [9])
(5.42)
P1(ξC, τ) = 2
4k+2

4k+2∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ1(xj , τ)
θ1(0, τ)
 θ21(0, τ)
θ21(u, τ)
θ3(u, τ)
θ3(0, τ)
θ2(u, τ)
θ2(0, τ)

(8k+4)
,
(5.43)
P2(ξC, τ) =

4k+2∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ2(xj , τ)
θ2(0, τ)
 θ22(0, τ)
θ22(u, τ)
θ3(u, τ)
θ3(0, τ)
θ1(u, τ)
θ1(0, τ)

(8k+4)
.
Applying the transformation laws (5.6) to (5.9) for theta-functions, we still see
that ([9]) P1(ξC, τ) is a modular form of weight 4k + 2 over Γ0(2); while P2(ξC, τ)
is a modular form of weight 4k + 2 over Γ0(2). Moreover, the following identity
holds,
(5.44) P1(ξC,−1/τ) = (2τ)4k+2P2(ξC, τ).
Then similar to (5.17), we have
(5.45)
P2(ξC, τ) = h0(TCM, ξC)(8δ2)
2k+1+h1(TCM, ξC)(8δ2)
2k−1ε2+· · ·+hk(TCM, ξC)(8δ2)εk2 ,
where each hr(TCM, ξC), 0 ≤ r ≤ k, can be expressed through a canonical integral
linear combination of
{
Â(TM,∇TM )ch (Bj(TCM, ξC),∇Bj(TCM,ξC)) cosh ( c2)}(8k+4) , 0 ≤
j ≤ r.
Explicitly, one has ([9])
(5.46) h0(TCM, ξC) = −
{
Â(TM,∇TM ) cosh
( c
2
)}(8k+4)
,
(5.47)
h1(TCM, ξC) =
{
Â(TM,∇TM ) [24(2k + 1)− ch (B1(TCM, ξC))] cosh
( c
2
)}(8k+4)
.
By (5.44) and (5.45), we have
P1(ξC, τ) =2
4k+2
[
h0(TCM, ξC)(8δ1)
2k+1 + h1(TCM, ξC)(8δ1)
2k−1ε1
+ · · ·+ hk(TCM, ξC)(8δ1)εk1
]
.
(5.48)
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Let’s explicitly expand Θ1(TCM, ξC). By (2.5) and (2.8), we have
Θ1(TCM, ξC) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λqm(T˜CM − 2ξ˜C)
⊗
∞⊗
r=1
(
Λ
qr−
1
2
(ξC)S−qr−
1
2
(C2)
)
⊗
( ∞⊗
s=1
Λ−qs−
1
2
(ξC)S
qs−
1
2
(C2)
)
=(1 + (TCM − (8k + 4))q)⊗ (1 + (TCM − (8k + 4)− 2ξC + 4)q)
⊗ (1 + (ξC)q 12 + (ξC ∧ ξC)q)⊗ (1 −C2q 12 +C3q)
⊗ (1 − (ξC)q 12 + (ξC ∧ ξC)q)⊗ (1 +C2q 12 +C3q) + · · ·
=1 + [2(TCM − (8k + 4)− ξC + 2)− (ξC ⊗ ξC − 2ξC ∧ ξC −C2)]q + · · · ,
(5.49)
where the “· · · ” terms are the terms involving q j2 ’s with j ≥ 3.
By (5.22), (5.40) and (5.49), setting q = 0 in (5.48), we have ([9])
(5.50)
{
L̂(TM,∇TM )
cosh2
(
c
2
) }(8k+4) = 8 k∑
r=0
26k−6rhr(TCM, ξC).
On the other hand, by (5.22), (5.40) and (5.49), comparing the coefficients of q
in (5.48), we have
{
L̂(TM,∇TM )
cosh2
(
c
2
) ch (2(TCM)− 2(8k + 4)− 2(ξC − 2)− (ξC ⊗ ξC − 2ξC ∧ ξC −C2))
}(8k+4)
=8
k∑
r=0
26k−6r(48k + 24− 64r)hr(TCM, ξC).
(5.51)
Thus similar to (5.25), we have
{
L̂(TM,∇TM )
cosh2
(
c
2
) ch(TCM − (8k + 4)− (ξC − 2)− 1
2
(ξC ⊗ ξC − 2ξC ∧ ξC −C2)
)}(8k+4)
=12
(
8
k∑
r=0
26k−6rhr(TCM, ξC)
)
− 8k
(
8
k∑
r=0
26k−6rhr(TCM, ξC)
)
+ 256 · 26
k−1∑
r=0
(k − r)hr(TCM, ξC)26k−6r−6.
(5.52)
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Note that
L̂(TM,∇TM )
cosh2
(
c
2
) ch((ξC − 2) + 1
2
(ξC ⊗ ξC − 2ξC ∧ ξC −C2)
)
=
L̂(TM,∇TM )
cosh2
(
c
2
) ((ec + e−c − 2) + 1
2
((ec + e−c)2 − 4)
)
=
L̂(TM,∇TM )
cosh2
(
c
2
) sinh2 ( c
2
)
(2(ec + e−c) + 8)
=
L̂(TM,∇TM )
cosh2
(
c
2
) sinh2 ( c
2
)
ch(2ξC ⊕C8).
(5.53)
Therefore combining (5.50),(5.52) and (5.53), one has
(5.54)
{
L̂(TM,∇TM ) [ch(TCM)− sinh2 ( c2 )ch (2ξC ⊕C8)− 16]
cosh2 ( c2 )
}(8k+4)
= 214[
k−1∑
r=0
(k − r)26(k−r−1)hr(TCM, ξC)],
which is just (2.31).
To prove Theorem 2.6 for 8k dimensional case, similarly we set ([9])
(5.55) P1(ξC, τ) =
{
L̂(TM,∇TM )
cosh2
(
c
2
) ch(Θ1(TCM, ξC),∇Θ1(TCM,ξC))
}(8k)
,
(5.56)
P2(ξC, τ) =
{
Â(TM,∇TM )ch
(
Θ2(TCM, ξC),∇Θ2(TCM,ξC)
)
cosh
( c
2
)}(8k)
.
Still playing the same game, we see that P1(ξC, τ) is a modular form of weight
4k over Γ0(2); while P2(ξC, τ) is a modular form of weight 4k over Γ
0(2) and one
has the following identities,
(5.57) P1(−1/τ) = (2τ)4kP2(τ),
(5.58)
P2(τ) = z0(TCM, ξC)(8δ2)
2k + z1(TCM, ξC)(8δ2)
2k−2ε2 + · · ·+ zk(TCM, ξC)εk2 .
Thus
(5.59)
P1(τ) = 2
4k
[
z0(TCM, ξC)(8δ1)
2k + z1(TCM, ξC)(8δ1)
2k−2ε1 + · · ·+ zk(TCM, ξC)εk1
]
.
By direct computations, we have
(5.60) z0(TCM, ξC) =
{
Â(TM,∇TM )
}(8k)
,
(5.61) z1(TCM, ξC) = −
{
Â(TM,∇TM ) [48k − ch (B1(TCM, ξC))]
}(8k)
.
As we did in (5.49), explicitly expanding Θ1(TCM, ξC), we get
(5.62) Θ1(TCM, ξC) = 1+[2(TCM−(8k)−ξC+2)−(ξC⊗ξC−2ξC∧ξC−C2)]q+· · · ,
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where the “· · · ” terms are the terms involving q j2 ’s with j ≥ 3.
By (5.35), (5.55) and (5.62), setting q = 0 in (5.59), we have ([8, 9])
(5.63)
{
L̂(TM,∇TM )
cosh2
(
c
2
) }(8k) = k∑
r=0
26k−6rzr(TCM, ξC).
By (5.35), (5.55) and (5.62), comparing the coefficients of q in (5.59), we have
{
L̂(TM,∇TM )
cosh2
(
c
2
) ch (2(TCM,∇TCM )− 2 · 8k − 2(ξC − 2)− (ξC ⊗ ξC − 2ξC ∧ ξC −C2))
}(8k)
=
k∑
r=0
26k−6r(48k − 64r)zr(TCM, ξC).
(5.64)
Thus similar to (5.38), we have
{
L̂(TM,∇TM )
cosh2
(
c
2
) ch((TCM,∇TCM )− 8k − (ξC − 2)− 1
2
(ξC ⊗ ξC − 2ξC ∧ ξC −C2)
)}(8k)
= − 8k
(
k∑
r=0
26k−6rzr(TCM, ξC)
)
+ 32 · 26
k−1∑
r=0
(k − r)26k−6r−6zr(TCM, ξC).
(5.65)
Combining (5.63), (5.65) and (5.53), one has
(5.66)
{
L̂(TM,∇TM ) [ch(TCM,∇TCM )− sinh2 ( c2 )ch (2ξC ⊕C8)]
cosh2 ( c2 )
}(8k)
= 211[
k−1∑
r=0
(k − r)26(k−r−1)zr(TCM, ξC)],
Which is just (2.32).
Remark 5.1. Our main results are obtained by comparing coefficients of q and q2
in (5.20), (5.31) and coefficients of q in (5.48), (5.59). It is interesting to examine
other coefficients of higher power of q to get further divisibility and congruence
results. These will be developed elsewhere.
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